Multiple
integration 2

Learning outcomes

When you have completed this Programme you will be able to:
e Evaluate double integrals and surface integrals

o Relate three-dimensional Cartesian coordinates to cylindrical and
spherical polar forms

e Evaluate volume integrals in Cartesian coordinates and in
cylindrical and spherical polar coordinates
e Use the Jacobian to convert integrals given in Cartesian coordi-

nates into general curvilinear coordinates in two and three
dimensions
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Double integrals

Let us start off with an example with which we are already familiar.

Example 1

A solid is enclosed by the planes z=0,y=1,y=2,x=0, x=3 and
the surface z = x + y2. We have to determine the volume of the solid so
formed.

First take some care in sketching the figure, which is

N

In the plane y =1, z=x+1, i.e. a straight line joining (0, 1, 1) and
3,1,4
In the plane y =2, z=x+4, i.e. a straight line joining (0, 2, 4) and
3,2,7)
In the plane x = 0, z = y?, i.e. a parabola joining (0, 1, 1) and (0, 2, 4)
In the plane x=3, z=3+)?, i.e. a parabola joining (3, 1, 4) and
3,2, 7).
Consideration like this helps us to visualise the problem and the time

involved is well spent.
Now we can proceed.

The element of volume v = §x 68y 6z

Then the total volume V = jjjdxdy dz between appropriate
limits in each case.
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We could also have said that the element of area on the z = 0 plane
ba = by bx

and that the volume of the column 6v, = zéa = z6x 8y

Then, since z = x + 2, this becomes v, = (x + y?) 6x 6y

Summing in the usual way then gives

V= jzda

- [ [errraxay

where R is the region bounded in the x-y plane.

Now we insert the appropriate limits and complete the integration
V=

V = 11-5 cubic units

Because

. V=115 cubic units

Although we have found a volume, this is, in fact, an example of a
double integral since the expression for z was a function of position in
the x-y plane within the closed region

ie. I= JR Jf(x, y)da
~ | [re v ayar

In this particular case, R is the region in the x-y plane bounded by
x=0,x=3,y=1,y=2.
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Example 2

A triangular thin plate has the dimensions shown and a variable
density p where p =1 +x + xy.

Y
4 ——————— B(2,4) .

We have to determine

(a) the mass of the plate

oG (b) the position of its centre
of gravity G.
A
o
2 X

(a) Consider an element of area at the point P (x, y) in the plate

ba = 6x oy
4 B(2,4)
y=2x The mass §m of the element is
then
d sm = psx by
P T

I

| : Y a
(o}

l___x___ 2 X

(
.. Total mass M = jdm=J jpdxdy
JR R

Now we insert the limits and complete the integration, remembering
that p= 1+ x+xp)

............

Because we have

x=2 y=2x
M= dexdy:J j (14 +xp) dydx

x=0 Jy=0

=] [\

27Y=2x
[y +xy+ %] dx
y=0

{2x 4+ 2x% + 2x%}dx

2x3  x4? 1
_ 142 _ 171
- [X 3 2]0 173

(=} N

(b) To find the position of the centre of gravity, we need to know
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the sum of the moments of mass about OY and OX

(1) To find X, we take moments about OY.

y Moment of mass of element about OY
4———— B (2, 4)
=xém
| _sm =x(1+x + xy) 6x by

@;‘/

|
]
|-—x——| 2 X

.. Sum of first moments = J J(x +x%+ xzy) dxdy
R

2
ZGE
x=2 p=2x
Because sum of first moments = J (x +x% +x%y) dydx
x=0 Jy=0
2 2 y=2x
= [xy +xzy+ii| dx
0 2 Jyo0
2
_ J (22 + 223 + 224} dx
0
2
= zj (% +x3 + x*)dx
0
B xt x5 2
= 2[§+Z+?]0— 26ﬁ
Now MZX=sum of moments .. X=............
x=1-508

We found previously that M = 17% (17%)2 = 261—25

which gives X = 1% =1-508

(2) To find ¥ we proceed in just the same way, this time taking
moments about OX. Work right through it on your own.
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y=1754
1% Moment of element of mass ém
AFr————————"AB(2,4) about OX
=yém=y(1+x+xy)xby

| |

. ;—];

|

L L A
(o] 2 P

*. Sum of first moments about OX = j J(y + xy 4+ xy?) dxdy
R

X=2 y=2X
J J (y +xy +xy*) dy dx

x=0
y=2x
H xyz xy3] dx
0 y=0
2 4
=J {Zx +ox+ 3 }dx
0 3
_ 2_ x4 8x5
- 3 2
= 3
. Can2 . = an2 1
.M7—30§ ..y—305/173—1754
So we finally have:
Y
A-—————————AB(2,4)
Ge
1-75
(o]
1-51 2 x

Note that this again referred to a plane figure in the x-y plane.

Now let us move on to something slightly different




Multiple integration 2 623

Surface integrals

When the area over which we integrate is not restricted to the x—y
plane, matters become rather more involved, but also more
interesting.

If § is a two-sided surface in
space and R is its projection
on the x-y plane, then the
equation of S is of the form
z={f(x, y) where fis a sin-
gle-valued function and
continuous throughout R.

Let 6A denote an element of
R and éS the corresponding
element of area of S at the
point P(x,y,z) in S.

Let also ¢(x,y, z) be a function of position on § (e.g. potential) and let y
denote the angle between the outward normal PN to the surface at P
and the positive z-axis.

Then 84 ~ 6Scosy i.e. 88 ~—A_ — §Asecy and
cos v

z &(x,y,2)6S is the total value of ¢(x,y,z) taken over the surface S.
As 8§ — 0, this sum becomes the integral

I=J é(x, y, z)dS
s

and, since éS = 6A sec+, the result can be written

s
I= LJqS(x, ¥, Z)secy dxdy (7 < 5)

Notice that cosy = i - K, where K is the unit vector in the z-direction
and n is the unit normal to the surface at P.

With limits inserted for x and y, the integral seems straightforward,
except for the factor secy, which naturally varies over the surface S.
0z 0z

2 2
i h = == haterd
We can, in fact, show that secy \/1 + (0):) +<8y)

(see Programme 17, Frames 69{f)
Therefore, the surface integral of ¢(x, y, z) over the surface S is given by

(@ I= L 4(x, 7, 2)dS 8

or (b) I=JRJ¢(x, . z)\/1+ (g—;)z—l—(%)zdxdy @)
where z=f(x, y)
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Note that, when ¢(x,y,z) =1, then I =J dS gives the area of the
surface S. §

S=LdS=JRj\/1+(%)2+(%)dedy 3)

Make a note of these three important results.
Then we will apply them to a few examples.

Example 1
Find the area of the surface z = 1/x2 + y2 over the region bounded by
2+yr=1.

Lo o)

2 2
So we now find % and % and determine \/ 1+ (@> +(§E>

ox dy 0x oy
whichis............
V2
Because
2=+ % = %(x2 +y)VP2x = _—EZXT}E
%=§(x2+y2)“/2 y=—72y+—yz

. az\* (oz\> X2+ y?
. 1+(’a}> +<8_}’> —1+——x2+y2—2

) G) -

" szﬁJRdedyzﬁx ............
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the area of the region R

But R is bounded by x> +y? =1, i.e. a circle, centre the origin and
radius 1. .". area=1

S=\/§Ldedy=\/§7r

Example 2

Find the area of the surface $ of the paraboloid z = x> 4+ y? cut off by

the cone z = 2+/x% + y2.
z

z
N\ 7 b A
\ VAN I
\\ Z=2Nx+y / z=2y
\\
N // z=x%+y? // z=y?
| 7 /
(o} 14 0
y

We can find the point of intersection A by considering the y-z plane,
i.e. put x =0.
Coordinates of A are ............

A2 4)

The projection of the surface S on the x-y plane is

the circle x2 +y%2 =4

4 (2,4) S=JRJ\/1+<%)Z+(%>dedy

\ / For this we use the equation of
N s // the surface S. The information
\ / ~z=x*+y?  from the projection R on the x-y
plane will later provide the limits
O R 2y of the two stages of integration.
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S=J J\/1+4x2+4y2dxdy
R

y
24 y= 4— XZ
Using Cartesian coordinates, we
could integrate with respect to y
| from y =0toy=+v4—x2 and then
-2 O~ 2 x with respect to x from x = 0 to x = 2.
Finally, we should multiply by four
Zl to cover all four quadrants.

xX=2 (y=v4—x2
ie. S=4J J \/1+4x2 +4y2dydx

x=0 Jy=0
But how do we carry out the actual integration?
It becomes a lot easier if we use polar coordinates.
The same integral in polar coordinates is ............

0=27 pr=2
S=J J V1+4r2 rdrdd

0=0 Jr=0

; X =T1C0Ss6; y =rsing
¥ +y2=r> dxdy=rdrdd
[
o5 'y (refer to Frame 67)
2 0=27 pr=2
3 of x 2 x s:J J V14472 rdrdo
=0 Jr=0
\ -/ .'. S-': ............

Finish it off.
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§ = 36-18 square units

Because
=27 =2 2T 1 2
s— j j (1+42)2rdrdo = J [—(1 + 4r2)3/2] ds
6=0 Jr=0 0 12 0
1 2 2n
= —J {1732 —1}dg = 5-7577[0] =36-18
12 Jo 0

Now on to Example 3.

Example 3

To determine the moment of inertia of a thin spherical shell of radius
a about a diameter as axis. The mass per unit area of shell is p.

Equation of sphere

R4y 422 =a

Mass of element =m = péS
I =~ Smr* =~ $p6Sr?

Let us deal with the upper hemisphere

IH=LprzdS

[ fryr () +(2) wor

Now determine the partial derivatives and simplify the integral as far
as possible in Cartesian coordinates.

Iy = 24 d
H JRJpT ’—aZ—xz-yde y

In this particular example, R is, of course, the region bounded by the
circle x? + y? = a? in the x-y plane.

Converting to polar coordinates
x=rcosf; y=rsing; dxdy=rdrdé

the integral becomes Iy =............

627
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3

0=21 pr=a r
6=0 Jr=0 Va® —r?

drde

Because for x> +y2 =r2:  limitsofr: r=0tor=a
limitsof : 6#=0to6=2n

a
= ot e

0=2n pr=a r3
- ”“J J " __dras
6=0 Jr=0 Va2 —r2
First we have to evaluate
a r3
IL = j —dr
ova?—r?

If we substitute u = a® — r? then the integral is evaluated as

Because
When u = a? — r? then du = —2rdr so that r> = a®> — u and

rdr=— _d_u Therefore

2
a 3 a 2
I,=J———r dr=J _r rdr
ova?—r2 =0vaz—r?
__JO @ —udu
B u=az VU 2
=—a—ZJ u‘l/zdu—l—lj ul/2 du
2 Ju=a2 2 Ju=a?

_ a1, 110 12 /z0
—_—2_[211 :lu=az+§ §u3

u=a?
= 113 —_ a—3
3
_ 243
3

Now, to complete Iy we have

27 9 .3
0
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4mpat
I =
=3
Because
27 5 23 4 27 4
_ 2a _2a°p _ 4ma*p
IH—pajo 3 d0==5 [0]0 =—
Therefore, the moment of inertia for the complete spherical shell is
4
L= 87r?()z p
’ . 2Ma?
The total mass of the shell M = 4rap .. I= 3

Now let us turn our attention towards volume integrals and in
preparation review systems of space coordinates.

Space coordinate systems

1 Cartesian coordinates (x, y, z) — referred to three coordinate axes
OX, OY, OZ at right angles to each other. These are arranged in a
right-handed manner, i.e. turning from OX to OY gives a right-
handed screw action in the positive direction of OZ.

z z
y-z plane
z—x plane (x=0)
(y=0)
o y
0 y
x x-y plane
x (z=0)

The three coordinate planes, x =0, y =0, z = 0, divide the space
into eight sections called octants. The section containing x > 0,
y >0, z > 0 is called the first octant.

i P(x,y,2)

X y
For a point P (x, y, z)
OL? = x% +y?
OP? =x2 42 4+ 72
Note that this is Pythagoras’ theorem in three dimensions.
We are all familiar with this system of coordinates.
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2 Cylindrical coordinates (r, 0, z) are useful where an axis of

symmetry occurs.
z Any point P is considered as having
CD a position on a cylinder. If L is the
projection of P on the x-y plane,
P(,9,2) then (r,d) are the usual polar
coordinates of L. The cylindrical
coordinates of P then merely require
I S z the addition of the z-coordinate.
r// o - r>0
o y
L(r6)

Relationship between Cartesian and cylindrical coordinates

z If we consider a combined figure,
we can easily relate the two systems.
P (x.2) Expressing each of the following in
6,2 terms of the alternative system,

z X= ... r=.ia.

o V=i, O=............

7 Z= ... Z=...oo

X o r |7 y
= y L

x=rcosf r=./x2+y2
y=rsing 0 = arctan(y/x)
z=1z z=1z

So, in cylindrical coordinates, the surface defined by
1)r=5 is ...l
(2) 0=7/6 is ............
3) z=4 is oo
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(1) r =35 is a right cylinder, radius 5, with OZ as axis.
(2) 8 ==/6 is a plane through OZ, making an angle x/6 with OX.

(3) z=4is a plane parallel to the x—y plane cutting OZ at 4 units
above the origin.

So position P (2, 3, 4) in Cartesian coordinates

= in cylindrical coordinates
and position Q (2-5, =/3, 6) in cylindrical coordinates

= in Cartesian coordinates.

P (2, 3, 4) = (V13, 0-983, 4) in cylindrical coordinates
Q (2'5, ©/3, 6) = (1-25, 2-165, 6) in Cartesian coordinates.

3 Spherical coordinates (r,0,¢) are appropriate where a centre of
symmetry occurs. The position of a point is considered as being a
point on a sphere.

ris the distance of P from the origin and
v 2) is always taken as positive.

A\ 6. 0) L is the projection of P on the x—y plane

@ is the angle between OP and the
positive OZ axis

¢ is the angle between OL and the OX
axis.

Note that (a) ¢ may be regarded as the longitude of P from OX
(b) 0 may be regarded as the complement of the latitude
of P.

Relationship between Cartesian and spherical coordinates

z

n The combined figure shows the
0 connection between the two sys-
z
o tems, so
I Sy X=.iooiinn. r=.....o...
7 Y= =
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x=rsinfcos¢p r=/x2+y2+72
y=rsinfdsing 6 = arccos(z/r)
z=rcosf ¢ = arctan(y/x)

For the spherical coordinates of any point in space
r>0 0<0<m 0<¢<2r

So, converting Cartesian coordinates (2, 3, 4) to spherical coordinates

P (7, 6, ¢) = (5-385, 0-734, 0-983)

Because
x=2,y=3,z2=4
LT=4/2+ Y2+ 22 =4+ 9+ 16=+29 = 5385
0 = arccos(z/r) = arccos(4/v29) = 0-734
¢ = arctan(y/x) = arctan 1-5 = 0-983

And, in reverse, spherical coordinates (5, /4, =/3) transform into
Cartesian coordinates ............

P (x, y, z) = (1-768, 3:061, 3-536)

Because
x=rsinfcos¢ =5 singcos:,_,.”E =5(0-707)(0-5) =1-768
y=rsinfsing =5 singsing = 5(0-707)(0-866) = 3-061
z=rcos§ =5 cos’zr = 5(0-707) = 3-536.

One of the main uses of cylindrical and spherical coordinates occurs in
integrals dealing with volumes of solids. In preparation for this, let us
consider the next important section of the work.

So move on
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Element of volume in space in the three coordinate systems

1 Cartesian coordinates

z We have already used
this many times.
i v = 6x8y 62
Ll
20 Ly v
| lg: ]
14 _V /s«
X / 8}/ 7

z
""t:\—:::—\ Ez
il
or

r ! §v=r806réz
o

x or . 6v=réréfoz

z
T Z 37
N
N

p
l \}| réo
r
s | I\
) | = \ rsin@3¢
o S : [

3 Il “ y 6v = 6rré0r sin 6 6
P < . &v=r2sinf6rs06¢

X

It is important to make a note of these results, since they are required
when we change the variables in various types of integrals. We shall
meet them again before long, so be sure of them now.
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Volume integrals

A solid is enclosed by a lower surface z; = f(x, y) and an upper surface
73 =F(x, y).

Then, in general, using Cartesian coordinates, the element of
volume is év = 6x 6y 6z.

The approximate value of the total volume V is then found

(a) by summing év from z = z; to z = z, to obtain the volume of the
column

(b) by summing all such columns from y = y; to y = y, to obtain the
volume of the slice

(c) by summing all such slices from x = x; to x = x, to obtain the total
volume V.

Then, when 6x — 0, §y — 0, z — 0, the summation becomes an
integral

X=X [Y=V2 [2=Z2
V=I J J dzdy dx

X=X1 Jy=y1 JZ=Z)

Example 1

Find the volume of the solid bounded by the planesz=0,x =0,y =0,
¥ +y’=4andz=6-xyforx>0,y>0,z>0.

First sketch the figure, so that we can see what we are doing. Take your
time over it.
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4

|
o : i ||
| |
______ L I
______ Jq 4
x/2 xX2+y’=4
ov = 6x 6y 6z
z=6—xy
Volume of column~ Y 6x8ysz
z=0
Va=xZ (6-xy
Volume of slice~ » {Z 6x 6y 62}
y=0 z=0
2 V4-x2 6-xy

Total volume ~ Z Z Z ox 6y 6z

x=0 y=0 z=0

If 6x — 0, 6y — 0, 6z — 0O, then

2 VA2 6-xy
V=J J r dzdy dx
0JO 0

Starting with the innermost integral

6—xy 6—xy
[oe- [
0 0
=6—=xy
V4—x2
Then J (6—xp)dy=............
0

635
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6Va—x -7 (4— %)

Because
Vi—xZ y=v4—x*
J (6—=xy)dy = {6 —ﬁ]
2 =0

—6Vd_x -%(4—;&)
2 Ua B
Then finally V = J {6(4 —x)% _2x +3} dx
0
Now we are faced with J (4 — x*)'/? dx. You may remember that this is a
standard form J\/az —x2dx =1} {xx/ a? - X2 +a* arcsing}.

2

If not, to evaluate J V4 —x2dx, put x = 2sinf and proceed from
0

there.

Finish off the main integral, so that we have

V = 6r — 2 =~ 16-8 cubic units

Because we had

2 X3
V= J {6(4 _ )2 oy +—2—}dx
0

2
=3{4 arcsinl — 4 arcsin0} —4+2
=3{2r}-2=6r—-2
~ 16-8

2 472
=3 [xv4 —x2 4 4arcsin£] - [xz —%]
0 0
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Alternative method

We could, of course, have used cylindrical coordinates in this

problem.
z
z=6-xy
<) Sv=r6r606z
Ol : x=rcosf; y=rsiné
LA, L Z=6-2xy
=6—r?sinfcosd
z Tz . 2
=6—§sm 0
2 /2. (6—(r2/2)sin 20
g V=J r J rdrdgdz
r=0 J6=0 Jz=0
n/2 (2 6—(r?/2)sin20
=J J J dzrdrdd
6=0 Jr=0 Jz=0
Finish it

V = 67 — 2 (as before)

/2 (2 r2
\4 r J (6—§sin20>rdrd0
6=0 Jr=0

/2 2 ]
J J (6r ——sin Za)drdﬂ
0=0 Jr—0 2

/2 =2
= r [3r2 - ﬁ'sin za] de
0 8 r=0

/2
= J (12 — 2sin29) dé
0

I

/2
= [126+cos 20]
0
=(6r—-1)-1
L V=6r-2

In this case, the use of cylindrical coordinates facilitates the
evaluation.

Let us consider another example.

637
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Example 2

To find the moment of inertia and radius of gyration of a thick hollow
sphere about a diameter as axis. Outer radius = g; inner radius = b;
density of material = c.

It is convenient to deal with one-eighth of the sphere in the first
octant.

.. Total mass of the solid M; = lM

8
__1_ 4 3 _33\~_ "3 _ 133
M1—8 31r(a b)c_6(a b’)c

Using spherical coordinates, the element of volume

V= ...

&v =r?sin 0 6160 6¢

Also the element of mass m = cév
Second moment of mass of the element about OZ
= mp? = m(rsin 6)?
=cr*sin@6r 60 64 r*sin® 9
= cr*sin® 0 6r 66 6¢
.. Total second moment for the solid
72 ©/2 a

L~ )" S crtérsin®0 6064

¢=0 6=0 r=b
Then, as usual, if r — 0, 66 — 0, 6¢ — 0, we finally obtain
7/2 (m/2 ra
L =J J J cr*dr sin® 60 dg d¢
$=0 J0=0 Jr=b
which you can evaluate without any difficulty and obtain
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_ T 5 35
11—15([1 b’)c

Because

/2 /2 r a
I =J [ [c—] sin® 9dgde
o Jo L S

/2 (/2
=f J (@ — b°)sin® 940 dg
o Jo S

c /2 (/2
=§(as—b5)j7r r (1 = cos? ) sinfdgde
o Jo

/2 3 77/2
=§(a5—b5)JZ [_C050+co; 0] dé

0
s [ (1L

_ 2,5 .5 W/Z_C“ 5 _ 35
~EE@-p)y] -fe -

Therefore, the moment of inertia for the whole sphere I is
. 8
I=8L ie. I= {gr(as — bs)c

Radius of gyration (k) Mk =1

We had already calculated the total mass M = % (@® — b*)c and since
_8m s s
I—ls(a b’)c then

4m 3 030 8T oo s
3(a b)ck_ls(a b’)c

Ro2(e-pr _ 2 (a5 —bS
T 5\a3 - b3 k= §<a3—b3)
We have set the working out in considerable detail, since spherical

coordinates may be a new topic. Many of the statements can be
streamlined when one is familiar with the system.

Now move on for another example
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Example 3

Find the total mass of a solid sphere of radius a, enclosed by the surface
x2 4+ y? + 22 = a® and having variable density ¢ where ¢ = 1 +r|z| and
r is the distance of any point from the origin.

This is a case where spherical coordinates can clearly be used with
advantage.

) p L 4
X a
@ ...c.....
o XN
In the element of volume, \
the three dimensions are
®) ......... © ..ol

(@ ér (b) ré0 (c) pbp=rsinbéd

sothat év=............

6v =r2sin 0 6r 606¢

Then the mass of the element = cév = (1 +r]z|) v
and z =rcosf

. m=cév=(1+r*cosf) r?sin6ér 066
Since the density uses | z| = 1 we must only consider the region where

cos # > 0 and so we consider the upper hemisphere only. The integral for
the total mass M;j is

Write out the integral and insert the limits.
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$=2n (0=r/2 (r=a
M =J J J (1 +7%cos)r*sin0drddde
4=0 Jo=o Jr—0

2 w/2 a
ie. M= J J j {r*sin6 drddde + r* sin d cos § dr df de}

¢=0 J6=0 Jr=0
2 em/2 pa
I = j j j r?sinf drdf de gives ............
0o Jo Jo
Do not work it out. You can doubtless recognise what the result would
represent.

The volume of the hemisphere

Because the integral is simply the summation of elements of volume
throughout the region of the hemisphere.

2
Thus, without more ado, I; = §1ra3.

Now for I,.
21 /2 pa
Izzj J Jr‘-*sinecosedrdadgb

0o Jo Jo
= Evaluate the triple integral.

Because

L=

2r (/2 a
J ?sinecosadedgb

0
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3
an (10 + 3a2)

M=—%

Because
2 5 ma® 7ad 2
= = — —_— 1
Mi=L+L 371'(1 + 3 15(0+3a)
27a3
15
Each problem, then, is tackled in much the same way.

Then, for the whole sphere, M = 2M; = (10 + 34%)

(a) Draw a careful sketch diagram, inserting all relevant information.
(b) Decide on the most appropriate coordinate system to use.

(c) Build up the multiple integral and insert correct limits.

(d) Evaluate the integral.

And now we can apply the general guide lines to a final problem.

Example 4

Determine the volume of the solid bounded by the planesx =0, y =0,
z=2x,z=2and y =4 — x? in the first quadrant.

First we sketch the diagram.

F4

2

Zz=2

y=4-x2

Z1=X

—— ——
———— e — ———

There is no axis of symmetry and no spherical centre. We shall
therefore use ............ coordinates.

Cartesian

So off you go on your own. There are no snags.
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V= 6% cubic units

Here is the complete solution.

4—x2

2 2
Vad S N exbysz

x=0 y=0 z=x

2 4—x2 02
V= J J j dzdy dx
y=0 Jz=x

- r r_xz 2 —x)dydx

2 4—x2
[

And that is it. Now we move to the next section of work

Change of variables in multiple integrals

In Cartesian coordinates, we use the variables (x, y, z); in cylindrical
coordinates, we use the variables (7, 6, z); in spherical coordinates, we
use the variables (r, 6, ¢); and we have established relationships
connecting these systems of variables, permitting us to transfer from
one system to another. These relationships, you will remember, were
obtained geometrically in Frames 23 to 30 of this Programme.

There are occasions, however, when it is expedient to make other
transformations beside those we have used and it is worth looking at
the problem in a rather more general manner.

This we will now do
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First, however, let us revise a result from an earlier Programme on
determinants to find the area of the triangle ABC.

y C (x3,¥3)
B
A | (2 ¥2)
(x1, 1) | | |
|

| | |

! | I
o M | P | LN

X X3 X2 X

If we arrange the vertices A (xq, y1)
B (XZ' Y 2)
C (x3, y3)
in an anticlockwise manner then
area triangle ABC = trapezium AMPC + trapezium CPNB
— trapezium AMNB
=3{(xs = x) (1 +p3) + (2 — x3) (P2 +¥3) — (X2 — x1) (1 +¥2)}
= %{Xs}’l — X1)1 +X3Y3 — X1Y3 + X2Y2 + X2)3 — X3Y2 — X3)3
— Xo)1 — X2¥2 + X1y1 + X1y2}
3 {(x2y3 — x3y2) + (x3y1 — X1Y3) + (X1y2 — X2p1)}
1 1 1
=1lx1 x2 x3
i V2 3

The determinant is positive if the points A, B, C are taken in an
anticlockwise manner.
We shall need to use this result in a short while, so keep it in mind.

On to the next frame
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Curvilinear coordinates

Consider the double integral J Jq&(x, y)dA where dA =dxdy in
R

Cartesian coordinates. Let # and v be two new independent variables
defined by u = F(x, y) and v = G(x, y) where these equations can be
simultaneously solved to obtain x = f (4, v) and y = g(u, v). Further-
more, these transformation equations are such that every point (x, y)
is mapped to a unique point (, v) and vice versa.

Let us see where this leads us, so on to the next frame

The equation u = F(x, y) will be a family of curves depending on the
particular constant value given to u in each case.

4
\ Curves u = F(x,y) for different con-
\ stant values of u.
SR W W U N
u=1 u=2 u=3 u=4 etc.

Similarly, v = G(x,y) will be a family of curves depending on the
particular constant value assigned to v in each case.

v=4

=3 Curves v=G(x, y) for different

v=2 constant values of v.

/ v=1
0 / X
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These two sets of curves will therefore cover the region R and form a
network, and to any point P (xo, yo) there will be a pair of curves u = uy
(constant) and v = vy (constant) that intersect at that point.

\
[T g+ du

The u- and v-values relating to any particular point are known as its
curvilinear coordinates and x = f(u, v) and y = g(u, v) are the transfor-
mation equations between the two systems.

In the Cartesian coordinates (x, y) system, the element of area
6A = 6xby and is the area bounded by the lines x = xg, x = xo + 6%,
Yy =Yo,and y =yo + by.

In the new system of curvilinear coordinates (u, v) the element of area
6A; can be taken as that of the figure P, Q, R, S, i.e. the area bounded
by the curves u =uy, u=1up + éu, v=vp and v = vo + év.

Since 8A, is small, PQRS may be regarded as a parallelogram

i.e. 0A; = 2 x area of triangle PQS
and this is where we make use of the result previously revised that the

area of a triangle ABC with vertices (x1, y1), (x2, ¥2), (x3, ¥3) can be
expressed in determinant form as
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1 1 1
X1 X2 X3
Yyi Y2 y3

Area = —

Before we can apply this, we must find the Cartesian coordinates of
P, Q and S in the diagram on page 646 where we omit the subscript ¢
on the coordinates.

If x = f(u, v), then a small increase éx in x is given by

ox=............
_Of g, O
ox —£6u+$6v
. _ Ox ox
ie. ox= 8u6u+8v6V
and, for y =g(u,v)
Y=ol
_ Wy ¥
Sy = 6u5u+6v6v

Now
(a) P is the point (x, y)
(b) Q corresponds to small changes from P.

_ ox ox oy 8y
6x_au6u+av6v and 6y—6u6u+8v6v
But along PQ v is constant. .. §v=0.
e _o
. 6x—6u6u and 6y—au6u

ou
(o) Similarly for S, since u is constant along PS éu =0 and

. Qs . ox oy
.. S is the point <x+6vév,y+avév)

i.e. Q is the point (x + %614, y+ oy 6u).

So the Cartesian coordinates of P, Q, S are
] ox ay . ox y
Pxy; Q (x+6u§u,y+%6u), S (x+aV6v,y+av6v)

.". The determinant for the area PQSis ............
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1 1 1

1 6x6 ox
Area=§ X x+£u x+5

y y+%6u y+%6v

v

Subtracting column 1 from columns 2 and 3 gives

1,0 0
x 5

X
—éu 3
oy
ov

[

X
Area==| Ou

N

v
y %w ov

which simplifies immediately to

Then, taking out the factor éu from the first column and the factor év
from the second column, this becomes
Area=............

8x@

1|3u av
210y oy
ou ov

bubv

The area of the approximate parallelogram is twice the area of the

triangle.
ox ox
ou ov
.. Area of parallelogram = 6A; = bu bv
% o
ou ov
Expressing this in differentials
ox ox
ou ov
dA = dudv
% %
ou ov

and, for convenience, this is often written

_oxy)
dA _8(u, V) dudvy
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o ) is called the Jacobian of the transformation from the Cartesian

o(u, v)
coordinates (x, y) to the curvilinear coordinates (4, v).
ox Ox
: o(x,y) _|ou ov
o Jwv) = =
ou v

So, if the transformation equations are
x=um+v) and y=w?
Ju, vy=...oooooo.

Ju,v) =uv(4u +v)

Because
éE—Zu+v Q—u
ou F
oy _ 5 o _
au_v aV—Zuv
2u+v u
s Jw,v) = = 4u?v + 2uv® — w/?
2uv

=42y +uw? = uv(4u +v)
Next frame

Sometimes the transformation equations are given the other way
round. That is, where u and v are given as expressions in x and y. In
such a case J(u, v) can be found using the fact that

oxy 1
o(u,v) (0(u,v)
(8(x, y))

For example, if the transformation equations are given as u = x2 + 2
and v = 2xy then

Ju, v)=............
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e

Because
ou Ou
o v) |3x dy| |2x 2y ~
axy) |9v v |2y 2x =y
x Oy
and so
_oxy_ 11
Jo ) =3av = (a(u, v)) T A2 —p2)
a(x, y)

Now u—v=2x2—2xy+y% = (x—y)°

and u+v =22 + 2xy + y2 = (x +)°

and 50 x2 — 2 = (x — Y)(x +y) = Vi — v +v = Vu2 — 2 giving
1

4vu? —v2?

Ju, v) =

There is one further point to note in this piece of work, so move on

Note: In the transformation, it is possible for the order of the points
P, Q, R, S to be reversed with the result that /A may give a negative
result when the determinant is evaluated. To ensure a positive element
of area, the result is finally written

an =2 D,

where the ‘modulus’ lines indicate the absolute value of the Jacobian.

Therefore, to rewrite the integral J J F(x, y)dxdy in terms of the
R

new variables, y and v, where x = f(u,v) and y = g(u, v), we substitute

3(}’

B,y dudv.

for x and y in F(x, y) and replace dxdy with ‘

The integral then becomes

“F{f(u, W), g, v)}’a( ) 4y dv

Make a note of this result
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Example 1

Express I = J nyz dx dy in polar coordinates, making the substitutions
R
X=rcosf, y=rsind.

%=cosa aX——rsinbl

or 80

% _ % _

E_Sino 0= rcosé
Jr,0)=....o.......
](r,0) =r

cosf —rsiné

) =rcos?f+rsin?f=r
sinf rcos#d

J(r,0) =

Then [ = j nyz dxdy  becomes............
R

I= J Jr3 sin? @ cos 9 rdrdd
R

Because xy? = rcos 812 sin? § = r3 sin? f cos §

(%, )

2. 0) drdf =rdrde

", I=J Jﬁsinzacosﬂrdrd9=J Jr“sinzecosedrdé)
R R

Now this one.

Example 2

Express I = I j‘(x2 +y?)dxdy in terms of u and v, given that x = u? — 2
R
and y = 2uv.

0%, )
o(u,v)

First of all, the expression for
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4(u* +v?)
Because
x=u?—v? g %=Zu gv—x=—2v
y=2uy %=ZV %=2u
ox %y
Oy o Bul | 202 e
o(u,v) ox Oy| |-2v 2u
v ov

Also x% 4% = (2 —v?*)% + 2uv)® = ut — 2022 +v* + 4P
=ut + 2072 + v = (u? +%)?

Then I = JJ (x> +y?)dxdy becomesI = ............
R

I=4 JR J(uz +v?)3dudv

One more.

Example 3

By substituting x = 2uv and y = u(1 — v) where u > 0 and v > 0, express

the integral I = J szydxdy in terms of u and v.
R

Complete it: there are no snags. I=............
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I= SL Ju“vz(l —v)dudy

Working:
ox ax
= a—Zv 5—214
y=u-—uy %=1—v %=—u
ox Q
'I(uv)—-a(x'}’)_ ou oul 2v 1—v
c ) a(u,v) ox oy - »
v v
v 1—v v 1
=2u =2u - _2u
1 -1 1 0
ox Y| _
. 8(u,v) =2u

X%y = 4V (u —uv) = 4321 —v)

s I=J J4u3v2(1 —v) 2ududy
R

I= 8-[ Ju“vz(l —v)dudv
R

Transformation in three dimensions

If we extend the previous results to convert variables (x, y, z) to
(u, v, w), we proceed in just the same way.

If x=f(w,v,w); y=28@m,v,w); z=hu,v,w)

ox oy oz

du ou ou

ox,y,z ox oz

Then ](u,v,w):(,)((ll—l}/jw))= 5 % 5
oy oz

ow ow Bw

and the element of volume dV = dxdy dz becomes
dv =|] (u,v,w) |dudvdw

Also J J JF (x,y,z)dxdydz is transformed into

[ [[ouvwoxr2

B v, W) dudyv dw

Now for an example, so move on
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Example 4

To transform a triple integral I = J ij(x, y,z)dxdydz in Cartesian

coordinates to spherical coordinates by the transformation equations
x =rsinfdcos ¢
y=rsinfsing¢

z =rcosé.
First we need the partial derivatives, from which to build up the
Jacobian.
These are ............
ox _ . W ipe oz _
—a—r—31n0cos¢ 8r—31n651n¢ ar—cose
ox oy . oz
—a—e_rcosacosqs ae—rcosesmqs 0= rsing
ox P oy . oz _
6—¢_ rsinésin ¢ a¢—rsm0cos¢ a¢_0
sinfcos¢  sin@sing¢ cos
o J(r,0,¢) =| rcosfcos¢ rcosfsing —rsind

—rsinfsing rsinfcos¢ O
rcos@cos¢ rcosésing
—rsinfsin¢ rsindcos¢
sinfcos¢ sinfsing¢
—rsinfsin¢g rsindcos¢

=cosf

+rsiné

r’sind

Because
cos¢ sing

0' — 2 2 0 i
J(r, 6, ¢) =r°cos*0sin b _sing cosé

cos¢ sing
—sing cos¢
cos¢ sing¢
—sing cos¢
= r?sin 4(sin? 6 + cos? §)(cos? ¢ + sin? ¢) =r*sin g

L I= JJJG(u, v,w)r’sin9dr dd d¢

+7%sin36

= (r*sin® 6 + r* sin 6 cos? )

which agrees, of course, with the result we had previously obtained by
a geometric consideration.
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And that is about it. Check carefully down the Revision summary
and the Can You? checklist that now follow, before working through
the Test exercise. The Further problems give additional practice.

% Revision summary 15
1 Surface integrals

1= feyda=| [fexyayar
2 Surface in space
1= | sepzas=| [empasecrardy  (r<n/2)
e B o

3 Space coordinate systems
(a) Cartesian coordinates (x, y, z)

p4
P (xy 2
[

First octant:
x>0, y>0;, z>0

z
Pt v
y

(b) Cylindrical coordinates (r, 6, z) r>0

X

zZ
P (xy 2

8 2) x=rcosfd r=+/2+)2
z y=rsind 6= arctan(y/x)
z=z z=z

0 ¢ y
X

(c) Spherical coordinates (r, 6,¢) r>0

5 x=rsinfcos¢ r=/x2+y2+ 22
y=rsinfsing 6= arccos(z/r)
\ z=rcosf ¢ = arctan(y/x)
P

, x Y 2)
0 (r,8, )
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4 Elements of volume
(a) Cartesian coordinates

z

z 6v =6xby bz

z rde

= N
=

I

|
| 1y 4z
o) !
A
Ll | y
0 0T
X
v =rérédéz

(c) Spherical coordinates

rsin63¢

=12 sin 6 6r 60 6¢

5 Volume integrals

V=J“dzdydx

~[[[rer. nazayar
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6 Change of variables in multiple integrals
(a) Double integrals x=f(u, v); y=8u, v)

ox %y

18D g _ 0, y) _|ou Bu
dA = a, v) du dv; Ju,v) = )~ |ox ay
v v

dudv

ox, y)
oy, v)

1= [Fopyaxay=| [Fifm v, s )

(b) Triple integrals x=f(u, v, w); y =g, v, w); z=h(u, v, w)

o oy oz
( ) ou Ou Ou
_ (7] X, ¥, Z _ ox 3y 0z
Ty =5y, w=|ov o o
o By o
ow Ow Ow
ThenI = JJJF(x, y, z)dxdydz
— oy, 2)
_ J“G(u, v Wizt auavaw
¥4 Can You?
Checklist 15
Check this list before and after you try the end of Programme test.
On a scale of 1 to 5, how confident are you that Frames
you can:

o Evaluate double integrals and surface integrals?

Y [ 0O OO 0O 0O No

e Relate three-dimensional Cartesian coordinates to
cylindrical and spherical polar forms?

Yese O 0O O O O No

e Evaluate volume integrals in Cartesian coordinates and
in cylindrical and spherical polar coordinates?

Yes [ 0O 0O 0O [0 No

e Use the Jacobian to convert integrals given in Cartesian
coordinates into general curvilinear coordinates in two
and three dimensions?

Yes ] ] [ [] UJ No
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Test exercise 15

&\

1 Determine the area of the surface z = \/x2 + y2 over the region bounded
by x2 +y? = 4.

2 Evaluate the surface integral I :j ¢ dS where ¢ = 1 over the
s

\/x2+y?
surface of the sphere x? + y2 + z2 = a2 in the first octant.
3 (a) Transform the Cartesian coordinates
(1) (4, 2, 3) to cylindrical coordinates (r, 4, z)
(2) (3,1, 5) to spherical coordinates (r, 8, ¢).
(b) Express in Cartesian coordinates (x,y, z)
(1) the cylindrical coordinates (5, /4, 3)
(2) the spherical coordinates (4,7/6, 2).
4 Determine the volume of the solid bounded by the plane z = 0 and the
surfaces X2 +y? =4and z=x2+y2 + 1.

5 Determine the total mass of a solid hemisphere bounded by the plane
z=0 and the surface x> +y2+ 272 =a®? (z>0) if the density at any
point is given by p=1—-2z (z<a).

6 (a) Express the integral I = J j(x —y)dxdy in terms of u and v, where
R

x=u(l+v) and y=u—v.

(b) Express the triple integral I= j j j (X—)f/—z

u, v, w using the transformation equations
X=u+v+w, y=vw;, z=u—w.

)dxdydz in terms of

Further problems 15

1 Evaluate the surface integral I =J (x2 + y?)dS over the surface of the
s

cone 72 = 4(x? + y?) between z =0 and z = 4.

2 Find the position of the centre of gravity of that part of a thin spherical
shell x2 + y2 + 72 = g? which exists in the first octant.

3 Determine the surface area of the plane 6x+ 3y + 4z = 60 cut off by
x=0,y=0,x=5,y=8.

4 Find the surface area of the plane 3x+2y+ 3z =12 cut off by the
planes x = 0, y = 0, and the cylinder x2 +y2 = 16 for x > 0, y > 0.
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5

10

11

12

13

14

15

16
17

18

19

20

21

Determine the area of the paraboloid z = 2(x2 + y?) cut off by the cone
Z=+/x2+Y2
Find the area of the cone z2 = 4(x? 4 y?) which is inside the paraboloid
z=2(x%+p%).
Cylinders x? +y* = a® and x? + z2 = a” intersect. Determine the total

external surface area of the common portion.

Determine the surface area of the sphere x* + y? + z2 = a? cut off by the
cylinder x2 + y? = ax.

A cylinder of radius b, with the z-axis as its axis of symmetry, is removed
from a sphere of radius a, a > b, with centre at the origin. Calculate the
total curved surface area of the ring so formed, including the inner
cylindrical surface.

Find the volume enclosed by the cylinder x? + y? =9 and the planes
z=0andz=35—-x.

Determine the volume of the solid bounded by the surfaces
y=x%,x=y%z=2andx+y+z=4.

Find the volume of the solid bounded by the plane z = 0, the cylinder
x2 +y? = a? and the surface z = x2 + 2.

A solid is bounded by the planes x =0, y=0, z=2, z=x and the
surface x2 4 y? = 4. Determine the volume of the solid.

Find the position of the centre of gravity of the part of the solid sphere
x? +y? + 22 = a? in the first octant.

A solid is bounded by the cone z = 2,/x2 + 2, z > 0, and the sphere
x2 4+ y% + (z — a)® = 2a2. Determine the volume of the solid so formed.
2

2 .2

Determine the volume enclosed by the ellipsoid x +L+Z =1
az b2 2

Find the volume of the solid in the first octant bounded by the planes

x=0,y=0,z=0, z=x+yand the surface x> + y? = a.

Express the integral J J (x? + y?)dxdy in terms of u and v, using the

transformations u =x+y, v=x—y.

Determine an expression for the element of volume dxdy dz in terms of
u, v, w using the transformations x = u(1 —v), y = uv, z = uvw.

A solid sphere of radius a has variable density c at any point (x, y, z)
given by ¢ = k(a — z) where K is a constant. Determine the position of
the centre of gravity of the sphere.

Calculate ijzyz dxdy over the triangular region in the x—y plane with
vertices (0, 0), (1, 1), (1, 2).

659
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22

23

24

25

2 1\/4-y?
Evaluate the integral I = j j —Zy—z dxdy by transforming to
oy ¥+

polar coordinates.

Evaluate I fr X 4xd
valuate I = — .
0Jo/x2+y2 Y

Find the volume bounded by the cylinder x? + y? = a2, the plane z=0
and the surface z = x + y2. Convert to polar coordinates and show that
V= mat

==
By changing the order of integration in the integral

I_Ja yzdydx
0Jx\/x2 +y2

show that I = 1a3In(1 + v2).




